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PIOTROWSKI, R I C H A R D  WALTER, M . A . ,  Sep tember ,  1966, MATHEMATICS 

APPLICATION OF HASSE DIAGRAMS FOR C O U N T I N G  TOPOLOGIES ON 

FINITE SETS (36 p p . )  

D i r e c t o r  of T h e s i s :  T .  N .  Bhargava 

L e t  An b e  a s e t  c o n s i s t i n g  of  n e l e m e n t s .  The main 

problem c o n s i d e r e d  i n  t h i s  t h e s i s  i s  t h a t  of f i n d i n g  t h e  number 

o f  e l e m e n t s  i n  t h e  c l a s s  of a l l  t o p o l o g i e s  on A,, i . e .  f i n d i n g  

t h e  c a r d i n a l i t y  of t h e  setv= ( 7  :7  i s  a t o p o l o g y  on An).  

However, t h e  r e l a t ed  problems o f  c o u n t i n g  c e r t a i n  k i n d s  o f  

r e l a t i o n s  and  d i g r a p h s  on An a re  a l s o  i n v e s t i g a t e d .  By 

means of d i g r a p h  t o p o l o g y ,  Bhargava  and Ahlborn have  shown 

t h a t  t hese  problems a r e  i n d e e d  c l o s e l y  r e l a t e d  t o  e a c h  o t h e r .  

F u r t h e r m o r e ,  Cha t t e r j i  h a s  shown t h a t  t h e s e  problems can  b e  

I C U U L G U  -_ A .  a to t h o s e  o f  nnlrn+-l buUIAV,ng t h e  number ef' p a r t i a l  o r d e r s  

on An and on p a r t i t i o n s  of A,. Making u s e  of  t hese  r e s u l t s  

w e  have o b t a i n e d  t h e  e x a c t  number of  homeomorphic and non- 

homeomorphic t o p o l o g i e s  f o r  n - < 5 and p a r t i a l  r e s u l t s  f o r  

n=6.  T h i s  method,which r e l i e s  on t h e  f a c t  t ha t  a l l  p a r t i a l  
L 

.. o r d e r s  on a s e t  can  b e  r e p r e s e n t e d  by Hasse d i a g r a m s , a l s o  

e n a b l e s  u s  t o  d e t e r m i n e  t h e  number of T o - t o p o l o g i e s  on A n .  

A s  a consequence ,  we have a l s o  o b t a i n e d  t h e  number of  homeo- 

morphic  and non-homeomorphic T o - t o p o l o g i e s  f o r  n - < 5 .  

F o r  sake of comple teness  w e  a l s o  p r e s e n t  a l l  known 

r e s u l t s  on c o u n t i n g  t o p o l o g i e s  and r e l a t e d  p rob lems ,  as w e l l  

as uppe r  and lower  bounds for t h e  number of t o p o l o g i e s  on A n .  

I 



4 

L a s t l y  i t  i s  shown t h a t  t h e  number of s u b s e t s  i n  t h e  

k + l s t ,  O<k<n- l ,  l a r g e s t  t opo logy  f o r  An i s  g i v e n  by ( 2 k + l )  

2n-k-1 

We remark here t h a t  even some r e a s o n a b l y  approx ima te  

g e n e r a l  r e s u l t s  f o r  any n a r e  v e r y  h a r d  t o  g e t ,  and t h e  

p rob lem rema ins  an open one e x c e p t  f o r  some i m p o r t a n t  con- 

t r i b u t i o n s  made by  C h a t t e r j i .  Fo r  h i g h e r  v a l u e s  o f  n ,  i . e .  

n > 6 ,  even t h e  u s e  of b r u t e  f o r c e  f o r  c o u n t i n g  becomes a l m o s t  
- 

i m p o s s i b l e .  
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I N T R O D U C T I O N  AND SUMMARY 

The p r i n c i p a l  o b j e c t i v e  of t h i s  t h e s i s  i s  t o  p r e s e n t  

a u s e f u l  and  i n t e r e s t i n g  method, deve loped  by Cha t t e r j i  c 4 1 ,  

of c o u n t i n g  t o p o l o g i e s  on f i n i t e  s e t s  by means o f  Hasse 

d iag rams .  The problem o f  c o u n t i n g  t o p o l o g i e s  o r i g i n a l l y  

a p p e a r e d  as an e x e r c i s e  i n  t h e  c l a s s i c a l  t e x t  S e t  Topolog;7, 

by Vaidyanathaswamy [ l l l .  T h i s  e x e r c i s e  asked: Enumerate 

a l l  t h e  t o p o l o g i e s  which can be imposed on a s e t  o f  f o u r  

p o i n t s ,  and f i n d  a n  e x p r e s s i o n  for t ( n )  t h e  number o f  t o p o -  

l o g i e s  which can  be imposed on a s e t  of n p o i n t s .  However, 

as y e t ,  no g e n e r a l  s o l u t i o n  seems t o  have  been  found .  Even 

for t h e  c a s e  n=4 t h e  problem becomes v e r y  t e d i o u s ;  and f o r  

v a l u e s  of n g rea t e r  t h a n  s i x  t h e  task becomes v i r t u a l l y  

i m p o s s i b l e .  Ei few p a p e r s  have  been  w r i t t e n  on this  arid 

r e l a t ed  problems,  t h e  most n o t a b l e  b e i n g  t ha t  o f  C h a t t e r j i  

[ 4 ] ,  and t h e  most r e c e n t  be ing  t ha t  o f  Kr ishnamur thy  [ 8 ] ,  

i n  which he o b t a i n s  v a l u e s  f o r  t ( n ) ,  n < 4 ,  - and a weak u p p e r  

bound for t ( n ) .  It may w e l l  b e  t h a t  t h e r e  does  n o t  e x i s t  

a g e n e r a l  e x p r e s s i o n  for t ( n ) ,  and t h e  b e s t  t h a t  one can  

hope f o r  i s  t o  o b t a i n  s h a r p  bounds.  

The p u r p o s e s  of t h i s  s t u d y  are:  ( a )  t o  r e d u c e  t h e  

c o u n t i n g  of t o p o l o g i e s  on a f i n i t e  s e t  A t o  t h e  c o u n t i n g  

of r e f l e x i v e  and t r a n s i t i v e  r e l a t i o n s  on t h e  s e t  A ,  which 

-1- 
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can  b e  s y s t e m a t i c a l l y  enumerated by  means of  Hasse d i a g r a m s ,  

and t o  i l l u s t r a t e  c o u n t i n g  (o f  t h e s e  r e l a t i o n s )  by means of 

Hasse d i a g r a m s ,  ( b )  to o b t a i n  e x p l i c i t l y  v a l u e s  o f  t ( n > ,  up 

to n=5,  and p a r t i a l  r e s u l t s  f o r  n=6 ,  and f i n a l l y  ( c )  to 

d i s c u s s  a r e l a t e d  problem of  d e t e r m i n i n g  a bound f o r  t ( n ) ,  

n a r b i t r a r y  b u t  f i n i t e .  

T h i s  t h e s i s  i s  p r e s e n t e d  i n  t h r e e  c h a p t e r s .  

The f i r s t  c o n s i s t s  o f  d e f i n i t i o n s ,  n o t a t i o n s ,  and 

known r e s u l t s  which w e  use t h r o u g h o u t  t h e  f o l l o w i n g  c h a p t e r s .  

The second c h a p t e r  compr i se s  more or l e s s  t h e  main p a r t  

o f  t h i s  t h e s i s .  I n  there  w e  p r e s e n t ,  f o l l o w i n g  C h a t t e r j i  C41, 

v a r i o u s  s t e p s  needed  t o  r e f o r m u l a t e  t h e  problem o f  r a t h e r  

u n s t r u c t u r e d  enumera t ion  o f  t o p o l o g i e s  t o  an e q u i v a l e n t  

t a sk  o f  s y s t e m a t i c a l l y  c o u n t i n g  c e r t a i n  p a r t i a l  o r d e r i n g s  by  

means o f  Hasse d i ag rams .  T h i s  i s  accompl i shed  by f i r s t  

d e f i n i n g  a f a m i l y ' 3 o f  f u n c t i o n s  from a s e t  A t o  i t s  power 

s e t  2A. 

c l o s u r e  o p e r a t o r  and hence d e f i n i n g  a un ique  t o p o l o g y  on A .  

We t h e n  c o n s i d e r  t h e  f a m i l y @  o f  r e f l e x i v e  and t r a n s i t i v e  

r e l a t i o n s  on t h e  s e t  A ,  and show t h a t  t h e r e  i s  one-to-one 

co r re spondence  between t h e  e l e m e n t s  o f  7 and t h e  e l e m e n t s  

o f @ .  F i n a l l y  we show t h a t  a f u r t h e r  r e d u c t i o n  i s  p o s s i b l e ,  

v i z .  we can  r e s t r i c t  our  c o n s i d e r a t i o n  t o  t h e  c o u n t i n g  o f  

c e r t a i n  p a r t i a l  o r d e r i n g s  induced  by e l e m e n t s  o f  &.. When 

t h i s  s t a g e  i s  r e a c h e d  we have  comple t e ly  r e f o r m u l a t e d  t h e  

problem i n  t e rms  o f  p a r t i a l  o r d e r i n g s .  

Each f u n c t i o n  f i n  ? i s  t h e n  shown to b e  a Kura towski  

The above e q u i v a l e n t  f o r m u l a t i o n  o f  t h e  p rob lem,  com- 
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b i n e d  w i t h  t h e  known resu l t  t h a t  e a c h  p a r t i a l l y  o r d e r e d  s e t  

can  b e  r e p r e s e n t e d  by a unique Hasse diagram, SZEISZ 1 9 1 ,  

e n a b l e s  u s  t o  u s e  t h e  Hasse diagrams t o  o b t a i n  a more 

s t r u c t u r e d  and s y s t e m a t i c  c o u n t i n g  p r o c e d u r e  t h a n  p r e v i o u s l Y  

a v a i l a b l e .  We f i n d  t h a t  w e  need  t o  c o n s t r u c t  o n l y  t h o s e  

Hasse diagrams which r e p r e s e n t  d i s t i n c t  (non-o rde r  i s o m o r p h i c )  

p a r t i a l  o r d e r i n g s .  Then a p p l y i n g  u s u a l  c o m b i n a t o r i a l  

t e c h n i q u e s  we d e t e r m i n e  t h e  t o t a l  number of p a r t i a l  o r d e r i n g s  

unde r  c o n s i d e r a t i o n .  L a s t l y  we deve lope  s e v e r a l  f o r m u l a e  

which e l i m i n a t e  t h e  need  t o  c o n s t r u c t  a l l  o f  t h e  Hasse 

diagrams. F i n a l l y ,  e x p l i c i t  r e s u l t s  o b t a i n e d  f o r  t ( n ) ,  

1-155, are d e r i v e d .  

I n  t h e  t h i r d  c h a p t e r  we c o n s i d e r  some r e l a t e d  c o u n t i n g  

p rob lems ,  and p r e s e n t  some known r e s u l t s  c o n c e r n i n g  o t h e r  

t y p e s  o f  r e l a t i o n s .  F o r  sake o f  c o m p l e t e n e s s ,  r e s u l t s  

o b t a i n e d  by  C h a t t e r j i  [4], on bounds for t i n j  are  a l s o  

g i v e n .  F i n a l l y  an i n t e r e s t i n g  approach  which a l s o  g i v e s  

i n f o r m a t i o n  c o n c e r n i n g  upper bounds f o r  t ( n ) ,  by  d e t e r m i n i n g  

t h e  maximum number k<2n  of e l e m e n t s  p e r m i s s i b l e  i n  a f a m i l y  

v o f  s u b s e t s  of  a s e t  A such t h a t y f o r m s  a t o p o l o g y  f o r  A ,  

i s  p r e s e n t e d .  



CHAPTER I 

PRELIMINARIES 

I n  t h i s  c h a p t e r  we p r e s e n t  many d e f i n i t i o n s ,  n o t a t i o n s  

and r e l e v a n t  r e s u l t s ,  a few of  which may b e  o n l y  i n d i r e c t l y  

r e l a t e d  t o  o u r  work, i n  o r d e r  t o  make t h i s  t h e s i s  c o m p l e t e l y  

s e l f  c o n t a i n e d .  

1.1 D e f i n i t i o n s  and N o t a t i o n s  

For t h e  sake o f  c l a r i t y  and u n i f o r m i t y  d e f i n i t i o n s  

c o n c e r n i n g  t h e  t h e o r y  o f  r e l a t i o n s  and s e t s  are  t a k e n  f rom 

Halmos [ S I ,  e x c e p t  f o r  a few which are n o t  i n  Halmos and as 

such  are t a k e n  from Szasz [ 9 ] ;  d e f i n i t i o n s  i n  p o i n t  s e t  

topo logy  a re  from K e l l y  [TI; and t h o s e  i n  g r a p h  t h e o r y  are  

from Berge [l], and Bhargava and Ahlborn [ 2 ] .  

S i n c e  t h i s  t h e s i s  i s  conce rned  w i t h  c o u n t i n g  problems 

r e l a t e d  t o  f i n i t e  s p a c e s  we r e s t r i c t  o u r  d e f i n i t i o n s  t o  a 

f i n i t e  s e t ,  c o n s i s t i n g  of n e l e m e n t s ,  d e n o t e d  by  An=tx1,x2, ..., x n j  

and r e f e r r e d  t o  s i m p l y  as A whenever n i s  f i x e d  and no 

nmblgui ty  r e s u l t s .  

n o  confusion i s  p o s s i b l e .  T h r o u g h o u t , t h e  symbols x , y , z  a re  

used  t o  d e n o t e  a r b i t r a r y  ( n o t  n e c e s s a r i l y  d i s t i n c t )  e l e m e n t s  

S i m i l a r l y  w e  u s e  " A "  f o r  " se t  A "  whenever 

of  A .  

D e f i n i t i o n  1.1.1. The C a r t e s i a n  -- p r o d u c t  o f  a s e t  A w i t h  

i t s e l f ,  deno ted  b y  A x A ,  i s  t h e  s e t  of  a l l  o r d e r e d  pa i r : :  

( x , y >  , where x , y ~ A .  

-4 -  



D e f i n i t i o n  1 . 1 . 2 .  A r e l a t i o n  R on a s e t  A i s  a c o l l e c t i o n  

of o r d e r e d  p a i r s  ( x , y )  be long ing  t o  t h e  C a r t e s i a n  p r o d u c t  

A x A .  \!e n o t e  t h a t  Ei may be empty. \!e u s e  t h e  n o t a t i o n  

xRy t o  mean t h a t  ( x , ~ ) E R .  F i n a l l y  when we s a y  "a r e l a t i o n  

- 

R" w e  mean a r e l a t i o n  R on a s e t  A has been d e f i n e d .  

D e f i n i t i o n  1 .1 .3 .  A r e l a t i o n  R i s  said t o  b e  r e f l e x i v e  i f  

xRx, f o r  a l l  X E A ,  symmetric i f  xRy i m p l i e s  yRx f o r  a l l  

x , y ~ A ,  and t r a n s i t i v e  i f  xRy and yRz imply xRz f o r  a l l  

X ,  y , z E A .  

D e f i n i t i o n  1 . 1 . 4 .  A r e l a t i o n  R i s  sa id  t o  be  a n  e q u i v a l e n c e  

r e l a t i o n  on A i f  i t  i s  s i m u l t a n e o u s l y  r e f l e x i v e ,  symmetr ic  

and t r a n s i t i v e .  

D e f i n i t i o n  1 .1 .5 .  L e t  R be  an e q u i v a l e n c e  r e l a t i o n  on A .  An 

e q u i v a l e n c e  c l a s s  of  A de t e rmined  by  X E A  i s  t h e  s e t  of  a l l  Y E A  

such  that  xRy. The f a m i l y 6  o f  a l l  such  s u b s e t s  is  c a l l e d  t h e  

-- se t  o f  e q u i v a l e n c e  c l a s s e s  o f  A de t e rmined  by R .  

D e f i n i t i o n  1 . 1 . 6 .  

c o l l e c t i o n  of non-empty s e t s  whose u n i o n  i s  A .  The e l e m e n t s  

o f f  a r e  c a l l e d  c l a s s e s  o f  t h e  p a r t i t i o n .  

A p a r t i t i o n f l o f  a s e t  A i s  a d i s j o i n t  

D e f i n i t i o n  1 . 1 . 7 .  A r e l a t i o n  R i s  sa id  t o  be  a n t i s y m m e t r i c  

i f  f o r  a l l  x , y ~ A ,  t h e  s i m u l t a n e o u s  v a l i d i t y  of  xRy and yRx 

i m p l i e s  t h a t  x=y. 

D e f i n i t i o n  1.1.8.  A r e l a t i o n  R on a s e t  A i s  said t o  be a 

p a r t i a l  o r d e r i n g  i f  i t  i s  s i m u l t a n e o u s l y  r e f l e x f v e ,  an t ' i -  



symmetr ic ,  and t r a n s i t i v e ,  and w e  s a y  t h a t  R p a r t i a l l y  o r d e r s  

t h e  s e t  A .  

If a r e l a t i o n  R p a r t i a l l y  o r d e r s  a s e t  A we wr i te  x ~ y  

t o  mean xRy, and x<y  i f  xRy and x#y, f o r  a l l  X , Y E A ;  and w e  

s a y  t h a t  t h e  s e t  A i s  p a r t i a l l y  o r d e r e d  by t h e  r e l a t i o n  "L", 

o r  s i m p l y  a p a r t i a l l y  opdered s e t  A .  

D e f i n i t i o n  1.1.9. An e lement  x o f  a p a r t i a l l y  o r d e r e d  s e t  A 

i s  sa id  t o  b e  a minimal  (maximal) e l emen t  if t h e r e  i s  no Y E A  

s u c h  t h a t  y < x  ( x < y ) .  An e l emen t  x of A i s  c a l l e d  t h e  l e a s t  

( g r e a t e s t )  e l emen t  of A i f  x<y  - ( y < x ) ,  - f o r  a l l  Y E A .  

D e f i n i t i o n  1 . 1 . 1 0 .  L e t  x and  y b e  a r b i t r a r y  e l e m e n t s  o f  a 

p a r t i a l l y  o r d e r e d  s e t  A .  Elements  x and y are  s a i d  t o  be 

comparable  i f  x<y  - o r  y < x ,  - i ncomparab le  i f  n e i t h e r  x < y  - n o r  y l x .  

D e f i n i t i o n  1.1.11. A subset C o f  a p a r t i a l l y  o r d e r e d  s e t  A 

i s  said t o  be  a c h a i n  i f  any two e l e m e n t s  o f  C a r e  comparable  

w i t h  r e s p e c t  t o  t h e  p a r t i a l  o r d e r i n g  on A ;  and a c h a i n  t o  x ,  

if x i s  t h e  g rea t e s t  e lement  i n  C .  I f  a c h a i n  C has k e l e m e n t s  

w e  s a y  t h a t  t h e  l e n g t h  of C i s  k - 1 .  

D e f i n i t i o n  1 . 1 . 1 2 .  L e t  A be a p a r t i a l l y  o r d e r e d  s e t .  An 

e lement  xeA i s  sa id  t o  cover  a n o t h e r  e lement  Y E A  i f  ycx and 

t h e r e  does  n o t  e x i s t  a n  e lement  zeA such t h a t  y < z < x .  

D e f i n i t i o n  1.1.13. A Hasse diagram o r  s imply  (H-diagram) 

o f  a f i n i t e  non-empty p a r t i a l l y  o r d e r e d  s e t  A i s  a g r a p h  
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whose v e r t i c e s  a r e  d i s t i n c t  e l e m e n t s  of A and f u r t h e r m o r e  two 

e l e m e n t s  x,y a r e  j o i n e d  by a l i n e  segment i f  e i t h e r  x c o v e r s  y 

o r  y c o v e r s  x .  I f  x cove r s  y t h e  v e r t e x  x i s  sa id  t o  be 

h i g h e r  t h a n  y .  

D e f i n i t i o n  1 . 1 . 1 4 .  L e t  the  sets 'A and A* be p a r t i a l l y  o r d e r e d  

w i t h  r e s p e c t  t o  t h e  r e l a t i o n s  R and R* r e s p e c t i v e l y .  A 

s i n g l e - v a l u e d  mapping e of  A i n t o  A* i s  c a l l e d  an o r d e r  pre- 

s e r v i n g  mapping of  A i n t o  A* i f  f o r  a l l  x , y ~ A ,  xRy i m p l i e s  

e(x) R* e ( y ) .  If e-' i s  a l s o  an o r d e r  p r e s e r v i n g  mapping 

t h e n  8 i s  c a l l e d  an o r d e r  isomorphism.  F u r t h e r m o r e ,  i f  t h e r e  

i s  an  o r d e r  isomorphism o f  A o n t o  A*, t h e n  A i s  s a i d  t o  be 

o r d e r  i somorph ic  t o  A*.  

D e f i n i t i o n  1 .1 .15 .  L e t  A be a f i n i t e  s e t  a n d g b e  a f a m i l y  

of d i s t i n c t  s u b s e t s  o f  A .  Then vis a topology_ f o r  A i f  t h e  

f o l l o w i n g  axioms a r e  s a t i s f i e d :  

T-1. A and 4 belong t o v ,  where 9 d e n o t e s  t h e  n u l l  s e t ,  

T-2.  The un ion  o f  any a r b i t r a r y  c o l l e c t i o n  o f  members 

o f  Tis a member of?,  and 

T-3. The i n t e r s e c t i o n  o f  any f i n i t e  number of  members 

of 9/ i s  a member o f r .  

The p a i r  ( A , v )  i s  c a l l e d  a t o p o l o g i c a l  s p a c e .  The 

members of r a r e  c a l l e d  open s e t s ,  and t h e  complements o f  

members of r a r e  c a l l e d  c l o s e d  s e t s .  

Def'i;-,iLIoli 1 . 1 . 1 6 .  The c l o s u r e  o f  a s u b s e t  B o f  a topo-  

l v g i c a l  s p a c e  ( A , g )  i s  t h e  i n t e r s e c t i o n  o f  t h e  members of  
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t h e  f a m i l y  o f  a l l  c l o s e d  s e t s  c o n t a i n i n g  B .  The c l o s u r e  of 

a s e t  B i s  t h e  smallest c l o s e d  s e t  c o n t a i n i n g  B. 

D e f i n i t i o n  1 . 1 . 1 7 .  A c l o s u r e  o p e r a t o r  r ' ~ r r  on a s e t  A i s  an  

o p e r a t o r  which a s s i g n s  t o  e a c h  s u b s e t  B of A a s u b s e t  BC of 

A s u c h  t ha t  t h e  f o l l o w i n g  f o u r  p o s t u l a t e s  ( c a l l e d  t h e  Kura towski  

c l o s u r e  axioms) are s a t i s f i e d :  

K-1. 0' = 0, 

K-2 .  For e a c h  s u b s e t  B o f  A ,  B C B c ,  - 

K - 3 .  For e a c h  s u b s e t  B of  A ,  Bcc = B', and 

K - 4 .  F o r  e a c h  p a i r  of s u b s e t s  B and C o f  A ,  ( B u C ) C = B C V C C .  

D e f i n i t i o n  1 .1 .18 .  A t o p o l o g i c a l  s p a c e  (A,v) i s  s a i d  t o  be 

a To-space i f  f o r  any two d i s t i n c t  p o i n t s  x and y o f  A t h e r e  

e x i s t s  an  open s e t  c o n t a i n i n g  one o f  t h e s e  e l e m e n t s  b u t  n o t  

t h e  o t h e r ;  a T1-space i f  a l l  s u b s e t s  of  A c o n s i s t i n g  o f  

s i n g l e  e l e m e n t s  are  c l o s e a .  

D e f i n i t i o n  1 . 1 . 1 9 .  A f u n c t i o n  f on a t o p o l o g i c a l  s p a c e  

(A,T) i n t o  a t o p o l o g i c a l  s p a c e  (A* ,Y)  i s  c o n t i n u o u s  i f  

t h e  i n v e r s e  o f  e a c h  open se t  i n  ( A * , ? * )  i s  an  open s e t  i n  

( A , y )  

D e f i n i t i o n  1 . 1 . 2 0 .  A homeomorphism i s  a con t inuous -one - to  

one mapping f of a t o p o l o g i c a l  s p a c e  (A,Y) o n t o  a topo-  

l o g i c a l  s p a c e  (A*,y*) s u c h  t h a t  i t s  i n v e r s e  image fml i s  

a l s o  c o n t i n u o u s .  I f  t h e r e  e x i s t s  a homeomorphism f on a 

t o p o l o g i c a l  s p a c e  (A,Y)  t o  a t o p o l o g i c a l  s p a c e  (A*,V*) 
t h e  two s p a c e s  are s a i d  t o  b e  homeomorphic. 



. 
. 

O e f i n i t i o n  1 . 1 . 2 1 .  A d i r e c t e d  g r a p h  ( o r  s imply  d i g r a p h )  

c o n s i s t s  o f  a s e t  A ,  and a s u b s e t  E of A x A ,  + F C A x A ,  and  

is d e n o t e d  by r ( A , E ) .  If w, r ( B , E a B x S )  i s  said. t o  be a 

s u b d i g r a p h  of d i g r a p h   AYE). We n o t e  t h a t  a d i g r a p h  i s  

also a r e l a t i o n .  

d i r e c t e d  edge  from x t o  y .  

An o r d e r e d  p a i r  ( x , y ) ~ E  i s  s a i d  t o  b e  a 

D e f i n i t i o n  1.1.22. The power s e t  of a f i n i t e  non-empty s e t  

A ,  d e n o t e d  by 2 A ,  i s  t h e  s e t  o f  a l l  s u b s e t s  o f  A .  
-- 

D e f i n i t i o n  1 . 1 . 2 3 .  

r ( A , E )  i s  s a i d  t o  d e f i n e  an  open s e t   BE^^, where 2A i s  t h e  

power s e t ,  i f  f o r  e v e r y  p a i r  o f  p o i n t s  ( x , y )  s u c h  t h a t  

X E ( A % B )  and ~ E B ,  (x ,y )$E .  A s u b d i g r a p h  r ( B , E n B x B )  o f  t h e  

d i g r a p h  r ( A , E )  i s  said t o  d e f i n e  a c l o s e d  s e t   BE^^ i f  f o r  

e v e r y  p a i r  o f  p o i n t s  ( x , y )  ,XEB and  y€(A%B) imply t h a t  

A SubdigraDh r ( B , E n B X B )  o f  t h e  d i g r a p h  

x , y ) k E .  

1.2 Some Re levan t  R e s u l t s  

I n  t h i s  s e c t i o n  w e  p r e s e n t  some we l l  known r e s u l t s  

which are r a t h e r  b a s i c  t o  o u r  s t u d y  i n  t h i s  t h e s i s .  These 

r e s u l t s  a re  s t a t e d ,  w i thou t  p r o o f s ,  i n  t h e  form o f  theorems 

f o r  e a s y  a c c e s s i b i l i t y .  The p r o p e r  r e f e r e n c e s  a re  c i t e d  

immedia t e ly  f o l l o w i n g  each theo rem,  a l o n g  w i t h  t h e  page  

number on which t h e  proof  a p p e a r s  i n  t h e  o r i g i n a l  work. 

Again w e  r e s t r i c t  our  c o n s i d e r a t i o n  t o  f i n i t e  s e t s ,  

a l t h o u g h  many of t h e  theorems h o l d  f o r  a rb i t r a ry  s e t s .  
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Theorem 1 . 2 . 1 .  I f  R i s  an e q u i v a l e n c e  r e l a t i o n  on A ,  t h e n  

t h e  s e t  of  e q u i v a l e n c e  c l a s s e s  i s  a p a r t i t i o n  o f  A t h a t  

i f iduces t h e  r e l a t i o n  R ;  and i f  i s  a p a r t i t i o n  of A, t h e n  

t h e  i n d u c e d  r e l a t i o n  i s  an e q u i v a l e n c e  r e l a t i o n  whose s e t  

of e q u i v a l e n c e  c l a s s e s  i s  e x a c t l y p ( H a 1 m o s  [ 6 1  p .  28). 

Theorem 1 . 2 . 2 .  Order  isomorphism i s  an e q u i v a l e n c e  r e l a t i o n  

on t h e  f a m i l y  o f  p a r t i a l  o r d e r i n g s  o f  a s e t  A (SzBsz [9]p .  1 7 ) .  

Theorem 1 . 2 . 3 .  Any f i n i t e  p a r t i a l l y  o r d e r e d  s e t  has minimal  

and maximal members  ( B i r k h o f f  [3]p.  8 ) .  

Theorem 1 . 2 . 4 .  With c h a i n s ,  t h e  n o t i o n s  minimal  and l e a s t  

(maximal and g r e a t e s t )  are i d e n t i c a l .  Hence any f i n i t e  

s u b s e t  of A has a f i r s t  ( = l e a s t )  and a l a s t  e l emen t  ( B i r k h o f f  

c31p. 9 ) .  

-. 'Lneorern 1.2 .5 .  Every nor;-void partially o r d e r e d  s e t  can  b e  

r e p r e s e n t e d  by a Hasse d iagram . Two p a r t i a l l y  o r d e r e d  

s e t s  can  be  r e p r e s e n t e d  by t h e  same Hasse diagram i f  and 

o n l y  i f  t h e y  are o r d e r  i somorph ic  (SzBsz  [ g ]  p p .  18, 1 9 ) .  

Theorem 1 . 2 . 6 .  There  i s  a one-tc-one co r re spondence  between 

the  p a r t i a l  o r d e r i n g s  of a se t  A and t h e  To- topo log ie s  on 

A (B i rkhof f  [3]p .  1 4 ) .  

Theorem 1 . 2 . 7 .  L e t  "c" b e  c l o s u r e  o p e r a t o r  on A .  L e t y b e  

t he  f a m i l y  of a l l  s u b s e t s  B of A f o r  which B C = B ,  and l e t  

g b e  t h e  f a m i l y  of  complements o f  members ofpd?, t h e n  vis 
t o p o l o g y  f o r  A and BC i s  t h e  c l o s u r e  of  B f o r  e a c h  s u b s e t  B 



. 
. 

Theorem 1 . 2 . 8 .  Each d i g r a p h  r ( A , E )  d e t e r m i n e s  a un ique  

t o p o l o g i c a l  s p a c e  (A,?E) w h e r e g E  = I B :   BE^^, B o p e n ) ;  

and t h e  t o p o l o g y  has t h e  p r o p e r t y  o f  comple t e ly  a d d i t i v e  

c l o s u r e  (Bhargava  and Ahlborn [2]p .  2 ) .  



CHAPTER I1 

TOPOLOGIES I N  TERMS OF RELATIONS 

I n  t h i s  c h a p t e r  w e  b e g i n  by showing t h e  s t a g e s  i n  t h e  

e v o l u t i o n  o f  t h e  problem from t h a t  of  c o u n t i n g  t o p o l o g i e s  

on a f i n i t e  non-empty s e t  A t o  t h e  e q u i v a l e n t  problem of 

c o u n t i n g  t h e  number of ways t h a t  t h e  s e t  A ( o r  c e r t a i n  

fami l ies  of  s u b s e t s  of A )  c an  b e  p a r t i a l l y  o r d e r e d .  We 

t h e n  p r o c e e d  t o  show how Hasse d iagrams are employed t o  

f a c i l i t a t e  t h e  c o u n t i n g  of  t h e s e  p a r t i a l  o r d e r i n g s ,  and 

p r e s e n t  some fo rmulae  t h a t  e l i m i n a t e  t h e  need  t o  c o n s t r u c t  

many o f  t h e  Hasse d iag rams .  F i n a l l y  we g i v e  e x p l i c i t  

r e s u l t s  up t o  n=5 and p a r t i a l  r e s u l t s  f o r  n=6.  

2 . 1  Re fo rmula t ion  o f  t h e  problem 

L e t  y b e  a f a m i l y  of f u n c t i o n s  from t h e  f i n i t e  non- 

empty  s e t  A t o  t h e  power s e t  2 A ,  s u c h  t h a t  e a c h  member f 

o f  y h a s  t h e  f o l l o w i n g  p r o p e r t i e s :  

F-1. F o r  a l l  X E A ,  x e f ( x ) ,  and 

F-2. F o r  a l l  x,yeA, y ~ f ( x )  imply f ( y ) C _ f ( x ) .  

Fu r the rmore  we d e f i n e .  f ( $ ) = $  and f o r  any s u b s e t  B of  A we 

d e f i n e  f ( B ) = g B f ( x ) ,  which w e  w r i t e  a s V ( f ( x ) :  X E B I .  

f ( x ) = f ( { x } ) ,  f ( A ) = A ,  and a l s o  y E f ( x )  and x E f ( y )  i m p l i e s  

f ( x ) = f ( y ) .  For any BCA - we w r i t e  f ( f ( B ) ) = f 2 ( B ) .  

Thus 

The f a m i l y  y o f  f u n c t i o n s  s a t i s f y i n g  t h e  above con- 
, 

d i t i o n s  i s  c e r t a i n l y  no t  empty. F o r ,  l e t  A b e  any f i n i t e  

non-empty s e t  and l e t  f be  a f u n c t i o n  from A t o  2 A  s u c h  t h a t  

f o r  a l l  X E A ,  f ( x ) = { x } .  Then f mee t s  t h e  r e q u i r e m e n t s  o f  t h e  

d e f i n i t i o n .  

-12-  
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Befo re  p r o c e e d i n g  t o  t h e  theo rem 2 . 1 . 2  which shows t h a t  

a l l  f u n c t i o n s  f e  9 are  c l o s u r e  o p e r a t o r s  on A ,  we p r e s e n t  an  

example which g i v e s  an  i n d i c a t i o n  o f  t h e  u s e r u l n e s s  o f  t h e s e  

f u n c t i o n s .  

Example 2 . 1 . 1 .  L e t  A= { a , b , c , d , e )  and l e t  f be a 

f u n c t i o n  from A t o  2A such  t h a t :  

i. f ( a ) = { a , b , c , d , e ) ,  iii. f ( c ) = { c , d , e ) ,  v .  f ( e ) = { e ) ,  

ii. f ( b ) = { b , e ) ,  i v .  f ( d ) = { d ) ,  

C o n d i t i o n s  F-1 and F-2 a r e  c l e a r l y  s a t i s f i e d .  P r o c e e d i n g  

f u r t h e r  we o b t a i n :  

v i .  f ( { d , e ) ) = { d , e ) ,  i x .  f ( { c  , d , e ) ) = { c  , d , e )  , 
v i i .  f ( { b , e ) ) = { b , e ) ,  x .  f (  { b , c , d , e ) ) = { b , c , d , e )  

v i i i .  f (  { b , d , e ) ) = { b , d , e ) ,  

These ,  o f  c o u r s e ,  do n o t  l i s t  a l l  t h e  p o s s i b i l i t i e s ,  b u t  

a r e  s u f f i c i e n t  t o  i l l u s t r a t e  t h e  method. Except  f o r  i ,  ii, 

ar.d iii w e  have l i s t e d  only t h o s e  s u b s e t s  B or^ A f o r  which 

f ( B ) = B .  We r e c a l l  t h a t  f ( $ ) = $ , f ( A ) = A .  Upon t a k i n g  comple- 

men t s ,  d e n o t e d  by f ,  of t h e  l a s t  s e v e n  s u b s e t s  we g e t :  

i v ' .  ? ( { d ) ) = { a , b , c , e ) ,  v i i i '  . ?( {b , d y e  I ) =  { a , c  1 , 
v ' .  ? ' ( {e ) )={a ,b , c ,d ) ,  i x ' .  ? (  I c , d , e ) ) = { a , b ) ,  

% 

v i ' .  ? ( { d , e ) ) = { a , b , c ) ,  X I .  ? ( { b , c , d , e ) ) = { a )  

v i i ' .  ? ( { b , e ) ) = { a , c , d ) ,  

It can  be e a s i l y  shown t h a t  t h e  f a m i l y  o f  s u b s e t s  i v '  t h r o u g h  

x' a l o n g  w i t h  $ and A f o r m s  a t o p o l o g y  f o r  A .  

f u n c t i o n  f i s  a c l o s u r e  o p e r a t o r  on A .  

Thus t h e  
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Lemma 2 . 1 . 1 .  L e t  " c "  be a c l o s u r e  o p e r a t o r  on a f i n i t e  

non-void empty se t  A ,  and l e t  B and C b e  s u b s e t s  o f  A .  

Then BDC - i m p l i e s  B" 3 - C'. 

P r o o f .  For any s u b s e t s  B ,  C o f  A ,  such  t h a t  B X  - w e  have :  

B = C u ( B % C ) ,  s o  t h a t  

BC = ( C u ( B ' L C ) ) C  

BC = C C U ( B % C ) ~ ,  by K - 4 ,  d e f i n i t i o n  1 . 1 . 1 7 ,  and 

BC .3 - C c  

Theorem 2 . 1 . 2 .  

a r b i t r a r y  f i n i t e  non-empty s e t  A i n t o  2 A ,  s a t i s f y i n g  con- 

d i t i o n s  F-1 and F-2.  Then e a c h  f E  7 i s  a c l o s u r e  o p e r a t o r  

on A .  Hence e a c h  f d e t e r m i n e s  a un ique  t o p o l o g y  f o r  A .  

L e t y b e  t h e  f a m i l y  o f  a l l  f u n c t i o n s  f rom a n  

P r o o f .  

t h r o u g h  K - 4  o f  d e f i n i t i o n  1 . 1 . 1 7 .  

We show f i rs t  t h a t  any f E 3  s a t i s f i e s  p o s t u l a t e s  K - 1  

K - 1 ' .  f ( $ ) = $  

K-2'. We show t h a t  f o r  any BCA, - B t f ( B ) .  By d e f i n i t i o n  

f ( B ) = u { f ( x ) :  X E B ) ,  and t h e  r e s u l t  now f o l l o w s  by F-1. 

K - 3 ' .  

S i n c e  f i s  a f u n c t i o n  from A t o  2 A ,  f ( B ) C A ,  - f o r  any BCA. - By 

K - 2 ' ,  f ( B ) c f 2 ( B ) .  

Converse ly  , w e  n o t e  

f 2 ( B ) = f  ( f  (B))=u{f ( y )  :ycf ( B )  I = u { f ( y )    YE^ { f ( x )  : X E B ) ) .  

F o r  any z E f 2 ( B )  t h e r e  e x i s t s  a t  l e a s t  one yEf (B)  such  t h a t  

z E f ( y ) .  S i m i l a r l y  yEf(B) i m p l i e s  t h a t  t h e r e  e x i s t s  an  X E B  

Next w e  show that  f 2 ( B ) = f ( B ) ,  f o r  any s u b s e t  B o f  A .  



such  tha t  y s f ( x ) .  By F-2 we have f ( y ) C f ( x ) .  Hence z s f ( x ) .  

S i n c e  t h i s  i s  t r u e  f o r  a l l  z s f 2 ( B ) ,  we have f 2 ( B c U { f ( x ) : x s B l = f ( B ) .  

T h i s  conc ludes  t h e  p roof  t h a t  f 2 ( B ) = f ( B ) .  

- 

K - 4 ' .  F i n a l l y  i f  B and C are a r b i t r a r y  s u b s e t s  o f  A ,  t h e n  

i t  can  e a s i l y  be checked t h a t  f ( B u C ) = f ( B ) u  f ( C )  

Now w e  show t h a t  each c l o s u r e  o p e r a t o r  "c f f  on A s a t i s f i e s  

F-1 and F-2. 

F-1 ' .  L e t  {xICA, - t h e n  by K-2 { x ~ { x l c ,  and  it f o l l o w s  t h a t  

xs{xlC.  

F-2 ' .  L e t  x,ysA w i t h  y s { x l c ,  t h e n  { y l C { x l c .  - It f o l l o w s  b y  

Lemma 1 . 2 . 1  t h a t  { y l c C { x l c c ,  and  by K - 3  t h a t  { y l C C { x l c .  - 

Thus e a c h  f s  "$ i s  a c l o s u r e  o p e r a t o r  on A and hence  by 

theorem 1.2.7 d e t e r m i n e s  a u n i q u e  t o p o l o g y  f o r  A .  

NOW we g i v e  a f o r m u l a t i o n  i n  terms o f  r e l a t i o n s .  L e t  8 
be  a f a m i l y  o f  r e l a t i o n s  on A s u c h  t h a t  

i f  and o n l y  i f  t h e r e  i s  a c o r r e s p o n d i n g  f u n c t i o n  fsv such  

t h a t  f o r  a l l  x,yeA,xRy i f  and o n l y  i f  y s f ( x ) .  

a r e l a t i o n   RE^ 

Theorem 2 . 1 . 3 .  

f i n i t e  non-void s e t  A i n t o  2 A ,  s a t i s f y i n g  c o n d i t i o n s  F-1 and 

F-2, and lets b e  t h e  f a m i l y  o f  r e l a t i o n s  d e f i n e d  above .  

Then f o r  e a c h  R E @  t h e r e  i s  a c o r r e s p o n d i n g  un ique  fs?, s u c h  

t h a t  t h e  c o n d i t i o n s  F-1 and F-2 on f are  e q u i v a l e n t  to t h e  

f o l l o w i n g  c o n d i t i o n s  on R :  

L e t T b e  t h e  f a m i l y  of a l l  f u n c t i o n s  f rom a 

R - 1 .  F o r  a l l  X E A ,  xRx ( r e f l e x i v e ) ,  and 

R - 2 .  F o r  a l l  x , y , z ~ A ,  xRy and yRz imply  xRz ( t r a n s i t i v e ) .  



P r o o f .  We f i r s t  show t h a t  c o n d i t i o n s  F-1 and F-2 on f 

s a t i s f y  R - 1  and R-2 on R .  

F-1'. For a l l  X E A ,  x e f ( x )  by  d e f i n i t i o n  o f  R .  

F - 2 ' .  F o r  x , y , z ~ A ,  l e t  y e f ( x )  and  z e f ( y ) .  

By F-2, f ( y ) C f ( x ) ,  and  f ( z ) e ( y ) .  Hence f ( z ) C f ( x ) .  - 

By F-1, z s f ( z ) .  It f o l l o w s  t h a t  z e f ( x )  or xRz. 

Now w e  show t h a t  c o n d i t i o n s  R - 1  and R-2  on R s a t i s f y  F-1 and  

F-2 o f  f .  

R - 1 ' .  F o r  a l l  X E A  we have  xRx and  i t  f o l l o w s  t h a t  x e f ( x ) .  

R - 2 ' .  L e t  x,yeA such t h a t  y e f ( x ) ,  t h e n  xRy. F o r  any 

z & f ( y )  we have yRz, and by R-2  xRz, which imply z e f ( x ) .  

The two p r e c e e d i n g  theorems e s t a b l i s h  a one-to-one 

co r re spondence  be tween t h e  r e f l e x i v e  and  t r a n s i t i v e  r e l a t i o n s  

on t h e  s e t  A and t h e  t o p o l o g i e s  on A .  We can  summarize t h e s e  

r e s i < . L t s  i n  t h e  f J l l owi , i t  inanntr :  

T-l,T-2 ,T-3@K-l,K-2 ,K-3,K-4~F-1,F-2~R-lyR-2 

We can  s i m p l i f y  t h e  problem s t i l l  f u r t h e r  t o  t h e  

c o u n t i n g  of  c e r t a i n  p a r t i a l  o r d e r i n g  r e l a t i o n s  by means of  

theorem 2 . 1 . 5 .  

Lemma 2 . 1 . 4 .  

and l e t  "%"  be a r e l a t i o n  on A s u c h  t h a t  f o r  e v e r y  x,yeA, 

x%y i f  and o n l y  if f ( x ) = f ( y ) ,  where "=" means s e t  e q u a l i t y  

and f s 7 .  

P r o o f .  i )  S i n c e  "=I '  i s  r e f l e x i v e ,  f ( x ) = f ( x )  f o r  a l l  x .  

Hence X Q X .  ii) F o r  x , y ~ A ,  l e t  x%y.Then by d e f i n i t i o n  f ( x ) = f ( y ) ;  

L e t y b e  a f a m i l y  o f  f u n c t i o n s  f rom A t o  2 A ,  

Then " Q "  i s  an e q u i v a l e n c e  r e l a t i o n  on  A .  



and s i n c e  "=" i s  symmetr ic  w e  have f ( y ) = f ( x ) .  

iii) F o r  x , y , z ~ A  l e t  x ~ y ,  y$z,  i t  f o l l o w s  t h a t  f ( x ) = f ( y )  

 an^ f ( y ) = f ( z ) .  

f ( x ) = f ( z ) .  Hence x%z. 

Hence y ~ x .  

By t h e  t r a n s i t i v e  p r o p e r t y  of  "=" we o b t a i n  

Thus t h e  r e l a t i o n  "Q"  has t h e  p r o p e r t i e s  o f  r e f l e x i v i t y ,  

symmetry and t r a n s i t i v i t y  and i s  t h e r e f o r e  an  e q u i v a l e n c e  

r e l a t i o n  on A .  

By theorem 1 . 2 . 1  t h e  r e l a t i o n  "Q"  i n  t h e  above l e m m a  

i n d u c e s  a p a r t i t i o n  e o f  A .  We d e n o t e  t h e  e q u i v a l e n c e  

c l a s s  of A de t e rmined  by  x w i t h  r e s p e c t  t o  "$'' b y  

6 ( x ) ,  i . e .  ( x > = { y :  x ~ y ) .  

Remark 2 . 1 . 1 .  S i n c e  i n  t h e  above l e m m a  f ( x ) = f ( y )  i s  

e q u i v a l e n t  t o  s a y i n g  t h a t  X and y a r e  s y m m e t r i c a l l y  r e l a t e d  

w e  can  r e s t a t e  t h e  d e f i n i t i o n  o f  "%'' by s a y i n g  x ~ y  i f  and 

o n l y  i f  xRy and yRx. 

Theorem 2 . 1 . 5 .  

t r a n s i t i v e  r e l a t i o n s  on a f i n i t e  non-empty s e t  A .  Then e a c h  

R E  @ i s  e i t h e r  a p a r t i a l  o r d e r i n g  on A ,  o r  i n d u c e s  a un ique  

p a r t i a l  o r d e r i n g  on f a m i l y e  o f  d i s j o i n t  s u b s e t s  o f  A whose 

u n i o n  i s  A .  

P r o o f .  

two p o s s i b i l i t i e s :  

Le t  4 be t h e  f a m i l y  o f  a l l  r e f l e x i v e  and 

F o r  e a c h  r e f l e x i v e  t r a n s i t i v e  r e l a t i o n  R E @  we have  

i. I f  R i s  a l s o  a n t i s y m m e t r i c  t h e n  by  d e f i n i t i o n  R 

i s  a p a r t i a l  o r d e r i n g  on A ,  and 

ii. If R i s  n o t  an t i - symmet r i c  t h e n  t h e r e  e x i s t s  a t  

l ea s t  one p a i r  of e l emen t s  x , y ~ A ,  s u c h  t h a t  xRy and yRx. 



By theo rem 2 . 1 . 3  t h e r e  i s  a un ique  f u n c t i o n  f f rom A i n t o  

2A s a t i s f y i n g  F-1 and  F-2, w i t h  y s f ( x )  and x E f ( y ) .  Hence 

f ( x j = f ( y j .  By lemma 2 . 1 . 4  f o r  e a c h  s u c h  f u n c t i o n  f t h e r e  

e x i s t s  a un ique  e q u i v a l e n c e  r e l a t i o n  on A such  t h a t  f o r  

x , y ~ A ,  x%y if and o n l y  i f  f ( x ) = f ( y ) .  For e a c h  X E A ,  w e  

d e n o t e  t h e  e q u i v a l e n c e  c l a s s  of  A i n d u c e d  b y  L1%'l  as ( X I .  

Now c o n s i d e r  t h e  r e l a t i o n  R 1  on t h e  f a m i l y 8  o f  

e q u i v a l e n c e  c l a s s e s  o f  A ,  i n d u c e d  by I 1 % I 1  , s u c h  t h a t  

c ( x j R ' C ( y )  if and o n l y  i f  t h e r e  e x i s t s  an a c e  ( x )  and 

b E @ ( y )  such  t h a t  aRb. We w i l l  show t h a t  R 1  i s  a p a r t i a l  

o r d e r i n g  o n e .  

i. R 1  i s  r e f l e x i v e .  F o r  e a c h  a E A ,  aRa by  d e f i n i t i o n ,  

and i t  f o l l o w s  t h a t @ ( x ) R 1 e ( x ) ,  where a E @ ( x ) .  

L e t e  ( x ) , ~ ( Y ) , @ ( z ) E &  and l e t e ( x ) R 1 c  ( Y )  and 

C ( y ) R I C  ( 2 ) .  

c b e l o n g i n g  t o c ( x ) ,  c ( y j  a n d @ ( z j  r e s p e c t i v e l y  

such  t h a t  aRb and  bRc. By t h e  t r a n s i t i v i t y  o f  R 

we have aRc. H e n c e @ ( x ) R ' g ( z ) .  

ii. 

It f o l l o w s  t h a t  t h e r e  e x i s t  a , b ,  and 

iii. To show t h a t  R '  i s  a n t i s y m m e t r i c ,  c o n s i d e r  two 

d i s t i n c t  e l emen t s  e ( x )  ,e ( Y ) E @ .  

a n d c ( y ) R 1 c ( x )  t h e n  t h e r e  e x i s t  a , a l E c  ( x )  and  

b , b l E c ( y )  such  t h a t  aRb and b l R a l .  

2 . 1 . 1  alRa and b R b l .  The t r a n s i t i v e  p r o p e r t y  o f  

R i m p l i e s  a l R b  and a l R b l ,  f r o m  t h i s  i t  f o l l o w s  

f ( a ) = f ( b l )  o r c ( a l ) =  c ( b l )  , a c o n t r a d i c t i o n ,  

R 1  i s  a n t i s y m m e t r i c .  

Ife ( x ) R ' g  ( y )  

By t h e  remark 

Hence 

Thus R 1  i s  a p a r t i a l  o r d e r i n g  o n @ ,  and t h e  theo rem i s  p roved .  



We have  e s s e n t i a l l y  r educed  t h e  problem o f  d e t e r m i n i n g  

t ( n ) ,  t h e  number of  t o p o l o g i e s  on a f i n i t e  s e t , t o  c o u n t i n g  

the  number of p a r t i a l  o r d e r s  oii A ,  and on d i s j o i n t  families 

o f  s u b s e t s  o f  A whose union  i s  A .  

number o f  p a r t i a l  o r d e r s  on A ,  where A i s  a f i n i t e  non- 

We wr i t e  t o ( n )  f o r  t h e  

empty s e t  c o n s i s t i n g  o f  n e l e m e n t s .  

We a l s o  n o t e  here  t ha t  by theo rem 1 . 2 . 6  e v e r y  p a r t i a l  

o r d e r i n g  r e l a t i o n  on t h e  s e t  A 

Hence t o ( n )  i s  a l s o  t h e  number of T o - t o p o l o g i e s  on A .  

a l l  t h e  t o p o l o g i e s  on a f i n i t e  non-empty s e t  A can  be 

r e p r e s e n t s  a To- topology.  

Thus 

d e t e r m i n e d  by c o u n t i n g  on ly  t h e  T o - t o p o l o g i e s  on A and on 

p a r t i t i o n s  o f  A .  

on A .  

Lemma 2 . 1 . 6 .  

t h i s  t o p o l o g y  2 i s  t h e  d i s c r e t e  t o p o l o g y  ( i . e .  e v e r y  s u b s e t  

L e t  t , ( n )  b e  t h e  number of  T1- topologies  

For  any f i n i t e  non-empty s e t  A ,  t l ( n ) = l ,  and  

B of  A i s  i n 3 ) .  

P r o o f .  

d e f i n i t i o n  1 . 1 . 1 8  f o r  all xeA,{xIC={xI .  

t h e r e  e x i s t s  an  fey, such t h a t  f ( { x > ) = f ( x ) = { x l .  

t h a t  f o r  e v e r y  BCA, - f ( B ) = B ,  which i n  t u r n  i m p l i e s  t h a t  f o r  

a l l  B g A ,  ? ( b ) e r .  Thus f o r  e v e r y  BCA, - B e d . .  C e r t a i n l y  

t h e r e  i s  o n l y  one d i s c r e t e  t o p o l o g y  on e a c h  s e t  A. I ience f 

i s  u n i q u e .  

L e t  g b e  any T1- topologica l  s p a c e  on A -  Then by 

By theo rem 2 . 1 . 2  

I t  f o l l o w s  

Lemma 2.1 .7 .  L e t  R '  be a p a r t i a l  o r d e r i n g  on a d i s j o i n t  

f a m i l y  6 o f  s e t s  whose un ion  i s  a f i n i t e  non-empty s e t  A .  

Then t h e r e  i s  a c o r r e s p o n d i n g  r e f l e x i v e ,  t r a n s i t i v e  r e l a t i o n  

R on A .  



2 0  

P r o o f .  F o r  a l l  X E A  l e t c  ( x )  be t h e  member o f  6 t o  which x 

b e l o n g s .  By theo rem 1 . 2 . 1  t h e r e  e x i s t s  an  e q u i v a l e n c e  

r e l a t i o n ,  s a y  itstf on such tna t  t h e  members o r 6  are  

p r e c i s e l y  t h e  e q u i v a l e n c e  c lasses  i n d u c e d  by ' 'st' .  

N o w  w e  d e f i n e  a r e l a t i o n  R on A by s a y i n g  t h a t  f o r  a l l  

x , ~ E A ,  xRy i f  and o n l y  if c ( x )  R' c ( y ) .  

l e n c e  r e l a t i o n  I 1 s I 1  we can e a s i l y  show t h a t  R i s  a r e f l e x i v e ,  

t r a n s i t i v e  r e l a t i o n  on A .  

Using t h e  e q u i v a -  

F o r  e v e r y  p a r t i t i o n  o f  a f i n i t e  non-void s e t  A con- 

s i s t i n g  o f  n e l e m e n t s  t h e  f a m i l y  6 of e q u i v a l e n c e  c l a s s e s  

h a s  a t  most n members.  Using t h e  two p r e c e e d i n g  r e s u l t s  
n 

i s  t h e  
n ,k 

we now s a y  t h a t :  t ( n ) =  n n , k  t o ( k ) ,  where TI 
k=l 

number o f  p a r t i t i o n s  of A i n t o  k non-empty d i s j o i n t  s u b s e t s .  

With t h i s  w e  conclude  t h e  r e f o r m u l a t i o n  o f  t h e  problem.  

Now i t  rema ins  t o  b e  shown how w e  p r o p o s e  t o  count  t h e  p a r t i a l  

o r d e r i n g s  by  means of Hasse d i ag rams .  

2 . 2  Hasse Diagrams 

I n  t h i s  s e c t i o n  w e  g i v e  a d e t a i l e d  d e s c r i p t i o n  o f  t h e  

s o  c a l l e d  Hasse d iagrams ( I i -d iagrams) ,  and show how t h e y  

are  used  t o  r e p r e s e n t  t h e  p a r t i a l  o r d e r i n g s  ( T o - t o p o l o g i e s )  

on a f i n i t e  non-empty s e t  A n .  

t h e  open s e t s  o f  t h e  t o p o l o g i e s  d e t e r m i n e d  by t h e  Hasse 

d i ag rams .  For convenience  we r e p e a t  t h e  remark t h a t  i f  a 

r e l a t i o n  R p a r t i a l l y  o r d e r s  a s e t  A we w r i t e  x<y - t o  mean 

xRy, and x<y i f  xRy and x f y .  

We a l s o  show how w e  o b t a i n  

L e t  d b e  a map on s e t  A n ,  or s imply  A ( p a r t i a l l y  o r d e r e d  



21 

by t h e  r e l a t i o n  " < " )  - i n t o  t h e  s e t  of non-nega t ive  i n t e g e r s  

s u c h  t h a t  f o r  a l l  X E A ,  d ( x )  i s  l e n g t h  of t h e  maximal c h a i n  

t o  x, i . e .  d ( x ) = m a x t k / 3  xo<xl< ... <xkml < X I .  \le a d o p t  t h e  

c o n v e n t i o n  t h a t  d(x)=O i f  and o n l y  i f  t h e r e  i s  no  y ( y # x )  

i n  A s u c h  t h a t  y < x ,  - t h a t  i s ,  x i s  u n r e l a t e d  t o  any o t h e r  

e l emen t  i n  An. C lea r ly ,  0 c k a - l .  - -  

Lemma 2 . 2 . 1 .  If x and y are  d i s t i n c t  e l e m e n t s  o f  a f i n i t e  

non-empty p a r t i a l l y  o r d e r e d  s e t  A ,  and d ( x ) = d ( y ) ,  t h e n  x 

and y are n o t  comparable .  

P r o o f .  L e t  X , Y E A ,  xfy w i t h  d ( x ) = d ( y ) ,  and assume t h a t  x 

and y are comparable .  It f o l l o w s  t h a t  e i t h e r  x<y  or y < x ;  

l e t  u s  suppose  t h a t  x<y.  I f  d ( x )  = k ,  Ock<n-2, - -  then 

l < L < ( n - k - l ) .  - -  S i n c e  k+L>k we canno t  have  d ( y ) = k ,  Hence w e  

o b t a i n  a c o n t r a d i c t i o n  of  t h e  h y p o t h e s i s  t h a t  d ( x ) = d ( y ) ,  

and x and y are n o t  comparable .  

Lemma 2 . 2 . 2 .  L e t  A be a f i n i t e  non-void se t  p a r t i a l l y  

o r d e r e d  by t h e  r e l a t i o n  "R".  Then t h e r e  e x i s t s  an  a E A  

s u c h  t ha t  d ( a ) = k ,  where k=max d ( x ) .  
X E A  

P r o o f .  By theorem 1 . 2 . 3  e v e r y  p a r t i a l l y  o r d e r e d  s e t  has a t  

least  one maximal e l emen t .  L e t  M be  t h e  s e t  of  maximal 

e l e m e n t s  of  A .  F o r  each  X E M  l e t  d ( x ) = i ,  O < i < n - l ,  - -  and l e t  

I=u&i: d ( x ) = i ) .  C l e a r l y  I i s  a f i n i t e  p a r t i a l l y  o r d e r e d  
X E  

s e t  and f u r t h e r m o r e  f o r  e a c h  p a i r  i , j E I ,  e i t h e r  i < j  o r  j < i .  
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Thus I i s  a c h a i n  and it f o l l o w s  by theo rem 1 . 2 . 4  t h a t  I h a s  

a g r e a t e s t  e l e m e n t ,  say, k ;  i . e .  k=max d ( x ) .  T h e r e f o r e  t h e r e  

e x i s t s  an  e l emen t  a E A  such  t h a t  d ( a ) = k ,  where k=ma d ( x )  
X E A  

X E B  

Remark 2 . 2 . 1 .  It f o l l o w s  f rom t h e  d e f i n i t i o n  of 'Id" t h a t  

i f  L=max d ( x )  t h e r e  i s  a c h a i n  C={xoJ x1 , . . . , xL)  c o n s i s t i n g  

o f  L + 1  e l e m e n t s  and an  xL€C s u c h  t h a t  d(xL)=L.  It  i s  a l s o  

c l e a r  t h a t  f o r  e a c h  x i E C ,  d ( x i ) = i ,  f o r  if t h i s  was n o t  t h e  

c a s e  we would have a c o n t r a d i c t i o n  t h a t  L=ma d ( x ) .  
X E A  

Theorem 2 . 2 . 3 .  L e t  A b e  a f i n i t e  non-void s e t  p a r t i a l l y  

o r d e r e d  by t h e  r e l a t i o n  " < ' I  - . Then t h e  f u n c t i o n  d i n d u c e s  

a p a r t i t i o n  of  A i n t o  k + l  c l a s s e s  S j  s u c h  t h a t  S j = { x : d ( x ) = j j ,  

j = O Y l , 2 , . . . , k ,  where k=ma d ( x ) ,  O<k<n- l .  - -  
X E i  

P r o o f .  L e t  " % "  be a r e l a t i o n  on A such  t h a t  f o r  a l l  x , y ~ A ,  

x%y i f  and o n l y  if d ( x ) = d ( y ) .  Now "%"  i s  a n  e q u i v a l e n c e  

r e l a t i o n  on A .  The p roof  o f  t h i s  i s  e x a c t l y  t h e  same as 

tha t  of lemma 2 . 1 . 4 .  w i t h  f r e p l a c e d  b y  d .  By theo rem 1 . 2 . 1 ,  

i t  f o l l o w s  t t s t  " Q "  i n d u c e s  a p a r t i t i o n  of A i n t o  a f a m i l y  

o f  e q u i v a l e n c e  c l a s s e s  d e n o t e d  by S ( x ) = { y :  x%y)={y :  d ( x ) = d ( y )  1 .  

By t h e  remark 2 . 2 . 1  k=!pW d ( x )  i m p l i e s  t h a t  t h e r e  i s  a c h a i n  

C o f  k + l  e l e m e n t s  such  t h a t  f o r  e a c h  xi€C, d ( x i ) = i y  i = 0 , 1 , 2 , . . . , k -  

It i s  t h e n  c l e a r  t h a t  d i n d u c e s  a p a r t i t i o n  o f  A i n t o  ktl 

c l a s s e s  s u c h  t h a t  S = S ( x j  ) = { x : d ( x ) = j  } .  j 
With t h e  h e l p  o f  t h e s e  r e s u l t s  w e  p r o c e e d  t o  f o r r  $:le 

Hasse d iag rams .  Le t  A be  a non-void s e t  p a r t i a l l y  o r d e r e d  

by t h e  r e l a t i o n  " < "  - , and l e t  k = p E  d ( x ) .  

2 . 2 . 3  t h e r e  e x i s t s  a p a r t i t i o n  o f  A i n t o  k + l  s u b s e t s  d e n o t e d  

Then by theo rem 



by Sj= { x :  d ( x ) = j l ,  j=0,1,...,k. 

('acli S j = O , l ,  ... k ,  i n t o  rows ,  s u c h  t h a t  o n l y  t h e  e l e m e n t s  

o f  S Arrange  rows s o  t h a t  t h e  j t h  row 

i s  above t h e  i t h  row if and o n l y  if j i s  g r e a t e r  t h a n  i .  

1 ~ c . t  x,ycA, be e l e m e n t s  o f  t h e  i t h ( S i )  and  j t h ( S j )  rows 

i v s p e c t i v e l y  and l e t  j > i .  

We p l a c e  t h e  e l e m e n t s  i n  

j y  

are i n  t h e  j th  row. j 

We j o i n  x and y ( b y  a l i n e  segmen t )  

if and o n l y  i f  y c o v e r s  x .  Two p o i n t s  i n  t h e  same row are  

iiot  t o  b e  j o i n e d  s i n c e  by l e m m a  2 . 2 . 1  t h e y  are n o t  corn-- 

parable .  Fur the rmore  each  p o i n t  o f  t h e  ith row must b e  

j o i n e d  t o  some p o i n t  of t h e  i-lst row. 

row may b e  j o i n e d  w i t h  a p o i n t  y o f  t h e  j th  row ( j > i )  o n l y  

i f  t h e r e  i s  no p o i n t  i n  a n  i n t e r m e d i a t e  row which i s  j o i n e d  

t o  b o t h  of them, i . e .  if and o n l y  i f  y c o v e r s  x. We now 

A p o i n t  x o f  t h e  ith 

g i v e  a g r a p h i c a l  i l l u s t r a t i o n  of  t h e  n o t i o n  o f  Hasse d i a g r a m s .  

Example 2 . 2 . 1 .  L e t  A = { a , b , c , d , e }  be p a r t i a l l y  o r d e r e d  

by  t h e  r e l a t i o n  1 1 < "  i n  tne f o i i n w i n g  vanne:r., a<d, k c ,  

G s J ,  b c e ,  c < e ,  c < d  witn t h e  r e m a i n i n g  p a i r s  o f  e l e m e n t s  

b e i n g  i n c o m p a r a b l e .  S ince  t h e r e  i s  no e lement  xcA such  t h a t  

x < a  we have d ( a ) = O ,  s i m i l a r l y  d ( b ) = O ,  t h e  o n l y  e l emen t  which 

p r e c e d e s  c i s  b y  s o  d ( c ) = l .  By t h e  t r a n s i t i v e  p r o p e r t y  of  

p a r t i a l l y  o r d e r e d  s e t s  we have b c c < d  a s  t h e  maximal c h a i n  

t o  d ,  hence d ( d ) = 2 ,  and l i k e w i s e  d ( e ) = 2 .  We have So = ( a , b ) ,  

S l = { c }  and S 2 = { d Y e } . P l a c i n g  t h e  e l e m e n t s  o f  So i n  t h e  O t h  

row, S1 i n  t h e  lSt row and S2 i n  t h e  2nd row, and c o n n e c t i n g  

t h e  rows i n  t h e  p r e s c r i b e d  manner w e  o b t a i n  t h e  Hasse d iag ram 

below: 
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d 

a 

I n  o r d e r  t o  o b t a i n  open s e t s  from H-diagrams we n o t e  

t h a t  by  d e f i n i t i o n  1 . 1 . 2  e a c h  p a r t i a l  o r d e r i n g  r e l a t i o n  

on a s e t  A i s  a s u b s e t  o f  A x A .  Hence e a c h  p a r t i a l  o r d e r i n g  

r e l a t i o n  d e n o t e d  by ' '<"  - can  be  r e p r e s e n t e d  by a d i g r a p h  

r ( A , L ) .  
a d i g r a p h  t h a t  a s e t   BE^^ i s  open i f  f o r  e v e r y  p a i r  o f  

p o i n t s  ( x , y )  such  t h a t  x e ( A % B )  and y e B  t h e n  ( x , y ) k i .  I n  

t e r m s  of r e l a t i o n s  a set  BE^^ i s  open i f  f o r  e v e r y  X E ( A % B )  

and yEB xky,  t h a t  i s , '  no e l emen t  i n  B c o v e r s  a n  e l e m e n t  i n  

( A % B ) .  Thus i n  t h e  p r e c e d i n g  example t h e  s e t s  which s a t i s f y  

It  f o l l o w s  from t h e  d e f i n i t i o n  of an open s e t  o f  

t h i s  c o n d i t i o n  are 

A , $  , i  a) ,{ b )  ,{ a , b )  ,{ b , c )  , I  a , b  , c )  ,{ b , c , e )  ,{ a , b  ,c ,d)  , and 

( a , b , c , e ! .  It  i s  e a s i l y  shown t h a t .  t h i s  f a m i l y  o f  s u b s e t s  

o f  A does  i n d e e d  form a t o p o l o g y  f o r  A .  

Thus i n  t h i s  s e c t i o n  we have c h a r a c t e r i z e d  Hasse d i ag rams  

and shown how a topo logy  i s  d e t e r m i n e d  by e a c h  H-diagram. 

I n  t h e  n e x t  s e c t i o n  w e  p r e s e n t  a p r o c e d u r e  which makes t h e  

p r o c e s s  of c o u n t i n g  more s y s t e m a t i c  t h a n  i f  we t r i e d  t o  

coun t  t o p o l o g i e s  w i t h o u t  r e s o r t i n g  t o  t h e  r e f o r m u l a t i o n  

g i v e n  i n  s e c t i o n  2 . 1 .  

2 . 3  Count ing  P r o c e d u r e  

It i s  n o t  n e c e s s a r y  t o  c o n s t r u c t  e v e r y  Hasse d iag ram 

which r e p r e s e n t s  a p a r t i a l  o r d e r i n g  on a f i n i t e  non-void 

s e t  A p a r t i a l l y  o r d e r e d  b y  t h e  r e l a t i o n  "L",  f o r  as t h e o r e m  
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1 . 2 . 5  s t a t e s ,  two p a r t i a l l y  o r d e r e d  s e t s  can  be r e p r e s e n t e d  

by t h e  same Hasse diagram i f  and on ly  i f  t h e y  a r e  o r d e r  

i s o m o r p h i c .  Hence w e  need c o n s t r u c t  o n l y  t h o s e  E-diagrams 

which r e p r e s e n t  d i s t i n c t  (non-o rde r  i s o m o r p h i c )  p a r t i a l  

o r d e r i n g s  on A .  Then u s i n g  e l e m e n t a r y  c o m b i n a t o r i a l  

t e c h n i q u e s  w e  coufic t h e  o r d e r  i s o m o r p h i c  p a r t i a l  o r d e r i n g s  

r e p r e s e n t e d  by  e a c h  d i s t i n c t  Hasse d iagram.  

The f i r s t  s t e p  i s  t o  o b t a i n  t h e  number of p a r t i t i o n s  

of t h e  s e t  A i n t o  k t l ,  k = 0 , 1 , 2  ,..., n-1, s u b s e t s  Sj , 
j=O,l, ..., k ,  where k=max d ( x ) .  I n  c o m b i n a t o r i a l  t e r m i n o l o g y  x EA 
t he  problem r e d u c e s  t o  f i n d i n g  t h e  number of  ways i n  which n 

i n d i s t i n g u i s h a b l e  o b j e c t s  can  b e  p l a c e d  i n t o  k + l  c e l l s  s u c h  

t ha t  none of t h e  c e l l s  i s  empty.  

which t h i s  can  be done ( see  F e l l e r  [5]  p .  3 7 ) .  It f o l l o w s  

n-1 There  are ( k ) ways i n  

nT l (n i l ) -2n -1  - 
k=O 

t h a t  t h e  t o t a l  number of s u c h  p a r t i t i o n s  o f  A i s  

We now g i v e  zr! example t o  show how a s e t  of  f i v e  e l e m e n t s  

can  be p a r t i t i o n e d  i n  t h e  d e s i r e d  manner.  

Example 2 . 3 . 1 .  

e l e m e n t s  t h e r e  are 2 =16 d i s t i n c t  p a r t i t i o n s  o f  t h e  s e t  

F o r  any s e t  of f i v e  i n d i s t i n g u i s h a b l e  
4 

i n t o  k = 1 , 2 ,  ..., 5 c e l l s .  

i )  ..... 
. . . .  

ii) .... iii) i v )  . .  
... 

v )  .. 

i x )  .. .. 

v i )  ... 
.. 

x) . .  

... 
v i i )  . . . v i i i )  . . . 

x i )  . .  
. .  

x i i )  . 

. .  
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x i i i )  . .  x i v )  . .  X V )  . .  x v i )  e 

The n e x t  s t e p  i s  t o  d e t e r m i n e  t h e  number o f  d i s t i n c t  

n -1  H-diagrams which can  be o b t a i n e d  from e a c h  o f  t h e  2 

p a r t i t i o n s .  There i s  no known f o r m u l a t i o n  which d i r e c t l y  

g i v e s  t h e  t o t a l  number of H-diagrams. However, w e  have 

some f o r m u l a e  p r e s e n t e d  i n  t h e  n e x t  s e c t i o n  which g i v e  u s  

a p a r t i a l  s o l u t i o n  t o  t h e  p rob lem,  F i r s t  we g i v e  ( u s i n g  

p a r t i t i o n  ( x )  o f  example 2 . 3 . 1 )  some examples  which i n d i c a t e  

t h e  c o u n t i n g  p r o c e d u r e  when no  g e n e r a l  f o r m u l a  i s  a v a i l a b l e .  

Example 2 .3 .2 .  

These a r e  t h e  only  d i s t i n c t  H-diagrams: any o t h e r  

H-diagram would b e  o r d e r  i s o m o r p h i c  t o  one o f  t h e  above 

H-diagrams. Cons ide r  t he  f o l l o w i n g  example.  

Example 2 . 3 . 3 .  We g i v e  a d i ag ram 111' which a t  f i r s t  

a p p e a r s  t o  be  d i f f e r e n t  t h a n  I11 o f  t h e  above example b u t  

i s  a c t u a l l y  o r d e r  i somorph ic  t o  i t .  

and w i t h o u t  l o s s  of g e n e r a l i t y  w e  l a b e l  t h e  p o i n t s  w i t h  

For sake of c l a r i t y  
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e l e m e n t s  of t h e  two s e t s  A = { a , b , c , d , e )  and A1={a l  , b l  , c '  , d '  , E '  1 

as f o l l o w s :  

b 

d 

e 

To show t h a t  t h e  two s e t s  A and A' are  o r d e r  i s o m o r p h i c  

d e f i n e  a f u n c t i o n  8 from A o n t o  A '  as f o l l o w s :  e ( a ) = a t ,  

8 ( b ) = b 1 ,  8 ( c ) = d ' ,  8 ( d ) = c 1  and e ( e ) = e l .  T h i s  i s  c l e a r l y  a 

one-to-one mapping of A o n t o  A' which p r e s e r v e s  o r d e r .  

Hence I11 and 111' are o r d e r  i s o m o r p h i c .  

The f i n a l  s t e p  i s  t o  d e t e r m i n e  how many o r d e r  i s o m o r p h i c  

p a r t i a l  o r d e r i n g s  o f  t h e  s e t  A a re  r e p r e s e n t e d  b y  e e c h  

d i s t i n c t  H-diagram. We use  t h e  H-diagrams o f  example 2 . 3 . 2  

t o  d e m o n s t r a t e  how t h i s  i s  done .  F o r  f i g u r e  I o f  example 

5 2 . 3 . 2  t h e r e  a r e  ( 2 )  ways of  choos ing  t h e  e l e m e n t s  i n  S 2 ,  

( 2 )  ways of  choos ing  t h e  2 e l e m e n t s  i n  S1 and o n l y  1 way 

o f  p u t t i n g  t h e  r e m a i n i n g  e l emen t  i n  S o  and 2 w a y s  of con- 

n e c t i n g  t h e  e l e m e n t s  i n  S2 w i t h  t h e  e l e m e n t s  i n  S1. 

t h e r e  a re  (2) 
r e p r e s e n t e d  b y  I .  S i m i l a r l y  t h e r e  a r e  a l s o  60  p a r t i a l  

o r d e r i n g s  r e p r e s e n t e d  b y  e a c h  of f i g u r e s  11, 111, and 30  

r e p r e s e n t e d  by  I V .  

f rom j u s t  one p a r t i t i o n  of A .  

3 

Hence 

2=60 o r d e r  i s o m o r p h i c  p a r t i a l  o r d e r s  (2) 

Thus t h e r e  a re  2 1 0  T o - t o p o l o g i e s  o b t a i n e d  

Using t h e  method d e s c r i b e d  above w e  are t h e o r e t i c a l l y  

ab le  t o  d e t e r m i n e  a l l  t h e  p a r t i a l  o r d e r i n g s  o f  a g i v e n  s e t  

A .  If R i s  a r e f l e x i v e ,  t r a n s i t i v e  r e l a t i o n  on a s e t  A 
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which i s  n o t  a p a r t i a l  o r d e r i n g  of  A t h e n  t h e  f o l l o w i n g  

example i l l u s t r a t e s  how we coun t  t h e  @zâ topologies i n d u c e d  

by  R on a f a m i l y  o f  s r r b s s e t s  o f  A .  

Example 2 . 3 . 4 .  L e t  A= { a , b , c , d , e )  and l e t  R b e  a r e l a t i o n  

s u c h  t h a t  aRb,  b R a ,  bRc,  cRb, bRe, aRc,  cRa, aRd, cRd, cRe. 

R i s  n o t  a p a r t i a l  o r d e r i n g  on A ,  s i n c e  t h e  p a i r s  ( a , b ) ,  

( a , c ) ,  and ( b , c )  are s y m m e t r i c a l l y  r e l a t e d  by R .  Using 

theo rem 2 . 1 . 5  i t  f o l l o w s  t h a t  R i n d u c e s  a p a r t i a l  o r d e r i n g  

R f  on t h e  f a m i l y e  = { { a , b , c ) ,  I d ) ,  { e ) )  s u c h  t h a t  

{ a , b , c , )  R ' { d ) , { a , b , c , )  R f { e )  and { d ) R ' { e ) .  The H-diagram 

of  t h i s  p a r t i a l  o r d e r i n g  i s  
7 t e )  

.. we s e e  t n a t  t h i s  H-diagram represer i ts  t w e i i t y  o r d e r   SO- 

morphic  r e f l e x i v e  and t r a n s i t i v e  r e l a t i o n s  on A .  I n  t h e  

a c t u a l  c o u n t i n g  o f  t h e  r e l a t i o n s  which a re  n o t  p a r t i a l  

o r d e r i n g s  of  a s e t  A we do n o t  e x p l i c i t l y  u s e  t h e  method 

above b u t  r e l y  on t h e  f o r m u l a  f ( n > =  nC1nn,k f ( k ) + f o ( n ) .  
k = l  

2 . 4  Some c o u n t i n g  fo rmulae  

I n  t h i s  s e c t i o n  we p r e s e n t  a number of fo rmulae  which 

r e d u c e  t h e  task o f  c o n s t r u c t i n g  a l l  t h e  H-diagrams r e p r e s e n t i n g  

t h e  p a r t i a l  o r d e r i n g s  o f  a s e t .  For conven ience  w e  i n t r o d u c e  

some a d d i t i o n a l  n o t a t i o n .  

p a r t i a l  o r d e r i n g s  on a s e t  A w i t h  k = max d ( x ) .  

L e t  P k ( n )  b e  t h e  number o f  

X E A  
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n-1 

k = l  
Then f o ( n ) =  1 P k ( n ) .  The f i r s t  two f o r m u l a e  i n  t h i s  

f o l l o w i n g  theorem were developed  by C h a t t e r j i  C41. 

Theorem 2 . 4 . 1 .  

o r d e r e d  s e t .  Then, 

L e t  A be a f i n i t e  non-empty p a r t i a l l y  

P-0. P o ( n ) = l  
n 

k=l 
P-1. P,(n)= 1 (!)(2n-r-1)r, and 

P-2. Pn_,(n)=n!  

P r o o f .  P-0. I f  p$w d(x)=O,  t h e n  f o r  a l l  X E A ,  d (x )=O.  

It f o l l o w s  t h a t  P o ( n ) = l .  

P-1.  F o r  k=l we have a p a r t i t i o n  o f  A i n t o  two d i s j o i n t  

non-empty s u b s e t s  S o  and S1 w i t h  A=S,uS1. 

ways o f  c h o o s i n g  t h e  r e l emen t s  i n  S1. 

we have t h e  two a l t e r n a t i v e s  o f  c o n n e c t i n g  or n o t  c o n n e c t i n g  

i t  t o  e a c h  of n - r  e l emen t s  i n  S o ;  i . e .  2n-r c h o i c e s .  

The re  are 

For e a c h  o f  t h e s e  

Each 

o f  t h e  e l e m e n t s  i n  S1 m u s t  be  connec ted  t o  a t  l e a s t  one of 

t h e  e l e m e n t s  i n  So s o  f o r  e a c h  e l emen t  i n  S1 we have 2n-r - l  

c h o i c e s .  Thus f o r  e a c h  r ( l < r < n - l )  - -  w e  g e t  (2n- r -1) r  d i f f e r e n t  

H-diagrams ( p a r t i a l  o r d e r i n g s ) .  Summing f rom r=l t o  r = n - 1  we 

a r r i v e  a t  t h e  des i r ed  r e s u l t .  

p-2. S i n c e  n-l=ma d ( x )  we have a p a r t i t i o n  o f  A i n t o  n 

s u b s e t s ,  d e n o t e d  by S J ,  j = O , 1 , 2 , .  ,,,n-l, 

i n  o n l y  one d i s t i n c t  w a y .  The n e l e m e n t s  can  b e  p l a c e d  

X E f  

T h i s  can  b e  done 

i n  t h e  n S ' s  i n  n! ways. Hence P n - I ( n ) = n ! .  
j 

2 . 5  Count ing  R e s u l t s  

I n  t h i s  s e c t i o n  we p r e s e n t  t h e  r e s u l t s  which we o b t a i n e d  



u s i n g  t h e  method d e s c r i b e d  i n  t h e  p r e c e e d i n g  s e c t i o n s .  We 

summarize o u r  f i n d i n g s  i n  t h e  two t a b l e s  below.  The f i r s t  

c b a b l e  coiltaii-.s L 1 -  
bile number of’ T o - t o p o i o g i e s  f’oiiiid by u s i n g  

t h e  fo rmulae  i n  s e c t i o n  2.4, or by a c t u a l  c o n s t r u c t i o n  of  

Hasse d iagrams when no fo rmula  was a v a i l a b l e .  The number 

o f  t o p o l o g i e s  which are no t  To was found by summing t h e  
n 

f i r s t  n-1 terms o f  t h e  fo rmula  f ( n ) =  1 I I ~ , ~  f ( k ) .  I n  t h e  
k= 1 

second  c h a r t  we p r e s e n t  on ly  t h e  number o f  homeomorphic 

t o p o l o g i e s ,  t h a t  i s  , t h e  t o p o l o g i e s  which are  a s s o c i a t e d  

w i t h  t h e  non-order  i somorph ic  p a r t i a l  o r d e r i n g s .  We p r e s e n t  

comple te  r e s u l t s  for n=5 and o n l y  p a r t i a l  r e s u l t s  f o r  n = 6 .  

n= 1 

T a b l e  2.5.1 

2 3 4 5 6 

3 19 219 4411 

io 136 2749 82,173 - - -  1 - 
4 29 355 7160 

T a b l e  2.5.2 

n= 1 2 3 4 5 

f * - ( n ) =  1 2 5 

f *  ( n ) =  1 3 9 34 139  

I n  t a b l e  2.5.2 f * ( n )  i s  t h e  number of  non-homeomorphic 

t o p o l o g i e s ,  and f E ( n )  t h e  number of  non-homeomorphic To-topo- 

l o g i e s  on a f i n i t e  s e t  A n .  Using computer  t e c h n i q u e s  

Kr ishnamur thy  [ g ]  o b t a i n e d  t h e  v a l u e s  1,4, 29 and 355 

r e s p e c t i v e l y .  However he does  n o t  d i s t i n g u i s h  between t h e  
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number of To and non-To-topologies, nor does he obtain 

values for the number of non-homeomorphic topologies given 

in T a b l e  2 . 5 . 2 .  
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CHAPTER I11 

RELATED PROBLEMS 

c 

. 

I n  t h i s  c h a p t e r  w e  c o n s i d e r  some problems r e l a t e d  t o  

t h e  c o u n t i n g  o f  t o p o l o g i e s  on f i n i t e  s e t s .  The f i r s t  s e c t i o n  

c o n t a i n s  i n f o r m a t i o n  conce rn ing  t h e  number of c e r t a i n  

t y p e s  of r e l a t i o n s  on a s e t ,  and a l S C  bounds found  P y  

C h a t t e r j i  [4] f o r  t ( n ) .  

I n  t h e  second  s e c t i o n  w e  c o n s i d e r  t h e  problem o f  

d e t e r m i n i n g  t h e  maximum number k<2" o f  s u b s e t s  p e r m i s s i b l e  

i n  a f a m i l y v o f  s u b s e t s  o f  a f i n i t e  s e t  A such  t h a t  3 
forms a t o p o l o g y  f o r  A .  

S e c t i o n  3 .1Bounds  for t ( n )  

F i r s t  w e  p r e s e n t  some known r e s u l t s  c o n c e r n i n g  t h e  

number o f  v a r i o u s  t y p e s  o f  r e l a t i o n s  on a f i n i t e  s e t  A .  

L e t  G\ , q2, @ 3 ,  R 4  r e s p e c t i v e l y  b e  t h e  f a m i l i e s  

of r e f l e x i v e ,  t r a n s i t i v e ,  symmet r i c ,  a n t i - s y m m e t r i c  r e l a t i o n s  

on a f i n i t e  s e t  A ,  a n d 4  b e  t h e  f a m i l y  o f  a l l  r e l a t i o n s  on A .  

We p r e s e n t  i n  t h e  f o l l o w i n g  t a b l e  some known r e s u l t s  

( s e e  C h a t t e r j i  [4]) on t h e  number of  v a r i o u s  t y p e s  of  

r e l a t i o n s  on a s e t  A .  F o r  any s u b s e t  R o f a  l e t  p ( R )  b e  

t h e  number o f  e l e m e n t s  i n  R .  

-32- 
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Table  3 . 1  

n ( n t 1 )  
c\ 

L 

n ( n t 1 )  
4 3  2 2  

Bn i s  an e x p o n e n t i a l  number; f o r  f u r t h e r  d e t a i l s  we 

r e f e r  t o  R o t a  [lo]. 

I n  h i s  p a p e r  C h a t t e r j i  o b t a i n s  bounds f o r  t ( n ) .  A 

lower  bound f o r  P1(n) i s  o b t a i n e d  as a lower  bound f o r  t ( n > ,  

and as an uppe r  bound we u s e  t h e  number o f  r e f l e x i v e  

r e l a t i o n s  on A .  Thus,  

2 + < t ( n ) < 2  2 n (n -1 )  

The uppe r  bound i s  t h e  same a s  t h e  one o b t a i n e d  by  

Krishnamurthy [8]. 

3.2 Another  approach  

A s  we have shown, by lemma 2 . 1 . 6 ,  f o r  each  non-empty 

f i n i t e  s e t  A c o n s i s t i n g  o f  n e l emen t s  t h e r e  i s  a topo logy  

f o r  A c o n s i s t i n g  o f  a l l  t he  2" s u b s e t s  of A ;  t h i s  i s  t h e  

l a r g e s t  t opo logy  p o s s i b l e  on A .  An i n t e r e s t i n g  q u e s t i o n  

i s  what i s  t h e  n e x t  l a r g e s t  number o f  s u b s e t s  of A which 

form a topo logy  f o r  A? The l a r g e s t  t opo logy  on A c o r r e s p o n d s  

t o  t h e  c a s e  when each  of t h e  s i n g l e t o n  s e t s  i s  c l o s e d .  

The n e x t  l a r g e s t  co r re sponds  t o  t h e  c a s e  when one o f  t h e  

s i n g l e t o n  s e t s  i s  n o t  c l o s e d .  Using theorems 2 . 1 . 2  and 2 . 1 . 3  

t h e  l a s t  s t a t e m e n t  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  t h e r e  i s  

a r e f l e x i v e  and t r a n s i t i v e  r e l a t i o n  R on A such  t h a t  t h e r e  
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e x i s t s  a p a i r  o f  e l emen t s  s a y  x, and x ~ - ~  o f  A w i t h  xnRXn-l 

and f o r  a l l  o t h e r  xi,xjcA, i f j ,  xiax . 
e v i d e n t l y  a p a r t i a l  o r d e r i n g  r e l a t i o n  and hence  can  b e  

The r e l a t i o n  R i s  
j 

r e p r e s e n t e d  by a Hasse d iagram of t h e  f o l l o w i n g  form:  

Now a s u b s e t  B o f  A i s  open i f  no e lement  i n  B c o v e r s  an  

e lement  i n  ( A % B ) .  The s i n g l e t o n  s e t s { x l }  t h r o u g h  (xn-1)  

i n  t h e  above H-diagram o b v i o u s l y  s a t i s f y  t h i s  c o n d i t i o n ,  

and {Xn,Xn-II i s  a l s o  open. 

number o f  open s e t s  i s  open, we o b t a i n  2n-1 open s e t s  f rom 

S i n c e  t h e  un ion  o f  any a rb i t r a ry  

t h e  f i r s t  n-1 s i n g l e t o n  s e t s .  The u n i o n  of each  of  t h e  

2n-2 open s e t s ,  o b t a i n e d  by a r b i t r a r y  u n i o n s  o f  t h e  f i r s t  

n-2 s i n g l e t o n  s e t s ,  w i t h  t h e  s e t  {xn,xnml 1 i s  a l s o  open .  

Now any o t h e r  s e t  canno t  b e  open s i n c e  i t  would c o n t a i n  

x, and n o t  xn-l and hence would n o t  s a t i s f y  t h e  n e c e s s a r y  

c o n d i t i o n  f o r  openness .  
* *  A 

Adding 2"-l and 2 n-2 we g e t  3 ' 2  n-2 

open s e t s  i n  t h e  second  l a r g e s t  t opo logy  on A .  To g e t  t h e  

number o f  e l e m e n t s  i n  t h e  t h i r d  l a r g e s t  t opo logy  on A w e  

would have xn c o v e r i n g  two e l e m e n t s  i n  t h e  above H-diagram, 

and p r o c e e d i n g  i n  t h e  manner above we o b t a i n  5.2 n-3 open 

s e t s .  

I n  g e n e r a l  i f  an element  s a y  xn of  A c o v e r s  t h e  k 

e l emen t s  x ~ - ~  t o  Xn-1 w i t h  e a c h  of  t h e  r e m a i n i n g  n-k-1 

e l emen t s  b e i n g  u n r e l a t e d  t o  any o t h e r  e l emen t  , w e  have  

2n-1 open s e t s  formed b y  t a k i n g  a r b i t r a r y  u n i o n s  o f  t h e  

s i n g l e t o n  s e t s  {x,) t h rough  {xn - The s e t s  formed by 
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I . 
t a k i n g  t h e  u n i o n  o f  t h e  s e t  {xn k ,  X n - k + l J  . . . ,xn} w i t h  e a c h  

of  t h e  2n-k-1 s e t s  formed by t a k i n g  u n i o n s  of t h e  s i n g l e t o n  
n-1 s e t s  { x ~ ) ,  {x-); L ... { x ~ - ~ - ~ )  w i l l  a l s o  b e  open .  Adding 2 

and 2n-k-1 we o b t a i n  ( 2 k t l )  2n-k-1 open s e t s .  Any o t h e r  

- 

s u b s e t  B of  A w i l l  n o t  b e  open ,  s i n c e  i t  w i l l  c o n t a i n  Xn 

b u t  w i l l  n o t  c o n t a i n  a t  l ea s t  one of t h e  e l e m e n t s  

Xn-k' Xn-k+l ' " '  J x n - l '  

t h e  k t l s t  l a r g e s t  t opo logy  on A .  

T h i s  w i l l  be t h e  number of  s e t s  i n  

Thus w e  have  p roved  t h e  

f o l l o w i n g  theorem.  

s t  of n e l e m e n t s .  Then t h e  number of e l e m e n t s  i n  t h e  ( k + l )  

k = 0 , 1 , .  . . , n - l ,  l a r g e s t  t opo logy  f o r  A i s  ( 2 k t 1 ) 2  n-k-1. 

I n  c l o s i n g  w e  w i sh  t o  remark t h a t  t h e r e  i s  more t h a n  

one such  t o p o l o g y  f o r  each  k .  

such f a m i l i e s .  

I n  f a c t  t h e r e  are n 0 ( " i ; l )  



36 

REFERENCES 

[l] 

[ 2 ]  Rhargava ,  T. N .  ar,c? Ahlborn ,  T .  2 .  , On Digraph  Topology , 

Berge ,  C .  , Theory o f  Graphs ,  T r a n s l a t e d  by A l i s o n  Doig, 
J o h n  Wiley and  Sons ,  I n c . ,  N . Y . ,  1962. 

s u b m i t t e d  f o r  p u b l i c a t  i o n .  

C31 Birkhof f  , G .  , L a t t i c e  Theory ,  American Mathemat i ca l  

C41 C h a t t e r j i ,  S .  D., On Count ing  T o p o l o g i e s ,  T e c h n i c a l  

S o c i e t y ,  New York C i t y ,  1940. 

Repor t  No. 4, NASA Gran t  No. NsG-568, Ken t ,  
Ohio ,  1964. 

[ 5 ]  F e l l e r ,  W., An I n t r o d u c t i o n  t o  P r o b a b i l i t y  Theory and  i t s  
A p p l i c a t i o n s ,  Second E d i t i o n ,  Wi ley ,  New York, 
1957 

E61 Halmos, P . ,  N a i v e  S e t  Theory ,  Van N o s t r a n d ,  P r i n c e t o n ,  
N . J . ,  1960. 

C71 K e l l e y ,  J .  L., Genera l  Topology,  Van N o s t r a n d ,  P r i n c e t o n ,  
N . J . ,  1 9 5 5 .  

[ 8 ]  Kr ishnamur thy ,  V., "On t h e  Number o f  T o p o l o g i e s  on a 
F i n i t e  S e t " ,  The American Mathemat i ca l  Month ly ,  
B u f f a l o ,  N .  Y . ,  V .  7 3 ,  1966. 

[91 Szasz ,  G . ,  I n t r o d u c t i o n  t o  L a t t i c e  Theory ,  Academic P r e s s ,  
N e w  York, 1963. 

[lo] Rota ,  G. ,  "The Nurriber o f  P a r t i t i o n s  o f  a S e t " ,  The American 
Mathemat i ca l  Month ly ,  B u f f a l o ,  N . Y . ,  V .  69, 1962. 

[ll] Vaidyanathaswany,  R .  S e t  To 010 , C h e l s e a  P u b l i s h i n g  
c o .  , N e w  Y A r w  


